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NOMENCLATURE

particle concentration; the ratio between weight flow rate of

particles and mixture
angle betvween particle relative velocity and tangent to surface

frame fixed in blades (Figure 3)

origin of B in Figure 3

absolute gas velocity

absolute particle velocity

gas absolute velocity component in the x,0 plane

particiles absolute velocity component in the x%,6 plane
specific hzat of gas at constant pressure

modifieé stream function (Equation (47)) \
drag force on spherical particles

increment of surface area of particle (Equation (16))
particle inean diameter

spacing between adjacent points in the meridional direction
Figure 14

spacing between adjacent points in the tangential direction
Figure 14

increment of time

frame fired in the engine (Figure 3)

origin of E (Figure 3)

unit vechtors (Figure 2)

angle betieen relative velocity and meridional plane (Figure 11)
coordinaie curves in polar coordinates (Figure 2)

the angle to any vector in the plane (r, % ' ¢2) (Figure 2)
coefficient inversely proportional with the particle charac-

teristics time (Eguation (28))
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Reynclds number dependent function (Equation (6))

A a A A .

normal stream channel thickness (blade height) (Figure 4)

unit vector in the direction of blade rotation (Figure 10)
angle between meridional streamline and engine axis (Figure 10)
mass of one particle (Equation (23))

gas viscosity

unit vectors in the direction of the coordinate curves x, 6, 2

unit vectors in the direction of the axes X, Y, 2

particle center (Figure 2)

pressure at a point

total pressure on a spherical particle

blade mean radius (Figures 3 and 4)

Reynolds number (Equations {13) and (14))

polar coordinate (Figure 2) or radius from axis of rotation
(Figure 10)

gas density

particle material density

blade angular spacing

gas temperature

blade speed at the mean radius (Figure 13)

gas relative velocity component in the x-direction
particle relative velocity component in the x-direction
gas relative velocity

particle relative velocity
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gas relative velocity component in the x,0 plane
particle relative velocity component in the x,6 plane
gas relative velocity component in the tangential direction

particle relative velocity component in the tangential direction.
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W weight flow rate of mixture per channel !

wp particle relative velocity component in the radial direction
w blade angular velocity
X,08,2 coordinate axis in the meridional, tangential and radial

direction, fixed in B (Figures 3 and 4)

X,Y,2 axes fixed in engine (Figures 3 and 4)
i,é,é particle velocity components measured in B
;,s,z particle acceleration components measured in B
X,¥,2 absolute velocity measured in E
%,f,i absolute acceleration measured in E
Y distance measured along the tangential direction
£ outer normal to boundary (Figure 11)
Subscripts
a absolute trajectory
g gas
i initial conditions at particles entrance
in conditions at the boundary AH (Figure 14)
n normal to ~urface
o total conditions
out after cascade
p particle
t tangent to surface
X in the x-direction
Yy in the y-direction
b4 in the z-direction
1 before collision
2 after collision
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ABSTRACT

The equations of motion, in three dimensions, of solid particles
entrained by a gas flow through the stationary and rotating cascades

of a turbine are derived. The gas velocity components and density at
all the mesh points of a square grid constructed in the flow channels
are computed assuming a compressible flow. Formulas to determine the
prcper drag on the particles for a wide range of Reynolds numbers are
given. A gas particle flow tunnel is used to irnvestigate experimentally
the pheiiomenon of particle impact with the turbine blades or casing and
their rebound from these wallis. Formulas for the restitution ratio due
to ccllision and the rebound to incidence angle ratio are derived. This
information is used in the equations of motion of the solid particles.

The dynamic behavior of the solid particles in the turbine stage,
namely their absolute and relative trajectories, absolute nondimensiocnal
velocity history in the channel, and their velocity diagrams as compared
to that of the gas, is investigated. The effect of different flow
parameters, mainly, the particle mean diameter, material density, and

particle and gas initial velocities on the dynamic characteristics of
the solid particles are studied.

Observations concerning the erosion damage auffered by the turbine

stator and rotor blades as well as the turbine casing due to the solid
particle impingements are presented.
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INTRODUCTION

Rockets, aircraft engines, and industrial gas turbines operating
in desert or dusty areas and in places where the atmosphere is polluted
by small solid particles from factories and car exhaucts can be examples
of machines operating under gas particle two phase flow conditions.
Another example is engines that burn fuels which produce solid particles
in the products of combustion. The solid particles mixed with the in-
let air or combustion gases, due to the difference in their inertia,
will be driven away from the streamlines of the gas and impact with the
surrounding walls of the engine. The presence of solid particles in the
gas stream constitute a possible cause for severe erosion damage to the
engine parts. The erosion damage caused by solid partirles is expected
to be moxe severe in the rotating parts of the engine, where the particle
velocities and frequency of impacts, as well as the flow temperature,
are higher. Hence, turbines, axial or centrifugal, of rockets or gas
turbines are parts of the engine critically subjected to solid particle
erosion. For example, in some instances the life of a turbine of a
helicopter engine is decreased by one~fourth due to its operation in
a solid particle suspension as compared to engines operating under
normal conditions. This gives an indication to the sericusness of the
problem from the economical and reliability points of view. The rate
of erosion damage to the blades of the stator or the rotor of turbines
is a function of the blade and particle materials, the gas conditions
in the channel, the angle of impact of the so0lid particles with the
blade surface, the velocity of impact and the frequency of collisions.
In rotating turbomachinery the centrifugal forces acting on the par-
ticles, due to its motion in a circular path, tends to foxce the solid
particles to move radially, and hence, impact with the turbine casing,
causing it to also suffer from erosion damage. Furthermore, the rebound
of the particles from the casing wall will increase the frequency of
collisions with the blades. This discussion points out the fact that

the solid particles motion in a rotating turbomachine is a three-
dimensional problem.

In oxder to further understand the erosion phenomenon of rotating
turbomachines, it is important to study the dynamic characteristics or
behavior of the solid particles entrained by the gas flow through the
stages of turbines. By the dynamic behavior, it is meant, the absolute
and relative position of the solid particles everywhere in the channels,
the velocity history and velocity diagrams of the particles as well as
a description of the collision and rebound mechanisms of the solid
particles from the blade and casing walls. The particles trajectories
studied in rotating turbomachinery furnishes information for correlating
experimentally determined erosion severity of blades and the character-
istics of particle impact on surfaces. It also helps to predict the
erosion of proposed cascade designs based on the correlation results
and thus initiate means to protect blades and walls by minimizing
erosion damage. In fact, the investigation of the solid particles
dynamic behavior will enable engineers to design turbines and com-

pressors to minimize erosion as well as to optimize aerodynamic
characteristics.

This investigation was devoted to studying the dynamic behavior of
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solid particles in a turbine stage. The effect of different flow
varameters such as particle mean diameter, material denzity and
initial particle and gas velccities on the partlc1 dynainic behavior .
are investigated. Results of this study are then used to. make ob- '
servations concerning the areas of the blades or casing that are
subjected to more impacts and hence, higher rates of -erosion damage.

¥

The three-dimensional equations of motior of solid particles
moving in a compressible gas stream in a rotating cascade of a
turbomachine are derived in a general form. ' They are sclved to determine
the particle trajectcrigc an-. velocities in an axial or radial rotating
turbomachinery or any similar three or two-dimensional particulate flow
problem as special cases. In corder to derive and solve the eguations of
motion in the three~dimensional space cf sclid particles, several as-
sumptions concexning the analy51s have to be made. 2lso bassic infbrma-
tion about the impact and rebound phenomencn, drag on partlcles, and
gas properties has to be investigated.

It iz assuied that the particles enter the stator of the tuxbine
or compressor with uniform properties and equal distances apart. The
particles are assumed to be spheres of constant average mean diameter
uniform material den51ty ard small in size. The forces acting on the
solid particles causing their motion in the flow are assumed to be
mainly the drag forces exerted on them by the gas. It is further
assumed that the presence of sqlid particles dces not alter the Jjas
properties from that for the case of gas flow alone passing through
the same cascade. This assumption is more realisczic for highar par-
ticle material densities and small particle concentrations. The
particle concentration &, is defined by the ratio of mass flow rate, cf
particle to the rate of mass flow of the mixture Higher material
densities implies smaller number 6f particles for the same conﬂentratlon.

1

After particles impact with the bLlade or casing, they suffer a
drop in their velocities and a change in their direction. In order to
study the impact and rebound piienonlenon, a simple test fa01llyy is
designed, where particles and blades of the same materials as in actual '
operating conditions are used. Particles are injected into the flow
in the test section and photographed by a high-speed camera. Analysis
of the high-speed photography of the collision phenomenon gives the
restitution ratio and the ratio of the rebound to the inci.ience angle
as a function of the incidence angle. These two ratios, or any
equivalent ratios, are sufficient to define the mechanism oi impdct
for a certain particle-wall material combination. From these ratios,
the relative velocity and tie dizection of motion of the particle
after collision are computed and used as the initial conditions to the
solution of the governing equations of motion for the particies.

‘

The drag coefficient on spnerical particles has to be known for
the practical range of the Reynclds numbers based on particle inean
diameter and the magnitude of the difference in gas and particle,
velocities. Analytical relations to determine the drag coesfficient as
a function of the Reynolds number may be derived from the solution of
the Navier-Stokes equations, which are valid for Reynolds numbers up
to 4. Empirical fcrmulas that fit the experimental results for the
drag coefficient on spheres moving in a stream of air are derived up

K, 5 o Il b+ bk
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to the practical limit of the Reynolds number of such types of fliows.
These formulas permit accurate calculations of the drag forces acting

on the particle and increase the range of applicaticn of the equations
of motion of solid particles.

The remaining infcrmation that has to be known k=2fore solving
the particle equationc of motion are the gas properties, mainly its
density and velocity components everywhere in the channel.
of mocion oi a compressible gas moving in & rotating cascade are solved.
A cquare grid is constiucted in the channel and the gas properties are
calculated at all mesh points. The gas properties aanywhere in the
nozzle could then be interpolated. The gas properties ars calculated
at all mesh points in every row of blades and stored on computer magnetic
tape ' in groups of data each representing a cascade row that constitutes
the stages of the turbine.

The equations

The eguations of motion of the particlies are formulated with re-
spect to axes fixed in the blades at the entrance of the cascade row.
With'+the impact phenomenon well desciibed, and the dray coefficient and

gas properties known, the equations cf motion of the particles are solved.

One row of blades is considered at a time, *he particles enter the row

with known initial conditions, hit the walls and rebound (several re-

bounds may occur) until they leave the nozzle. The particles coutlet

\ cenditions constitute the initial condition for the successiva row.

The eguations ¢f motion of particles with respect to a new frame of
axes using the known initial conditions are solved using the correspond-
ing gas conditions in the new cascade row and so on. The particles
positions are referred to tie initial axes by a simple transformation.
Repeated solution of the equations of motion of the particles for all
. successive cascade rows gives the particles dynamic behavior throughout
the turbine. The absolute trajectecries of the particles show its real
path, while the relative trajectories indicate its path relative to the
rotor. This information can be used to determine the erosion rate,
knowing the momentum loss dut. to impacts and their

frecuency at a certain
grea, The paxrtich slocity diagraris as comgaered to the gas velcclcy
diagram of a stage would illiustrate the general behavior of the particles
and their deviations from the gas at inlet and exit ports.

an o s daee
——_——a=s

The study of particles trajectories in flow fields such as nozzles,
pipes and cyclones are reported in many articles ({References 1-5). How-
ever, none of these investigations solve the ...ree-dimeinsional problem,
or take the collision of particles with the walls or the rotating cascade
type problem into consideration. In References 6, 7, and 8 experimental
and theoretical studies are made by the author, to study or simulate the
dynamic behavior of solid particies. The results of the two-dimensional
experimental study of Reference 6, the theoretical study of Reference 8
and the results of this investigation seem to agree with the phvsical
observation 0f eroded cascades of tested and real engines. The results
of this investigation provide an understanding of the behavior ~ < the
particles in the rotors, a contribution that was difficult to accumplish
by the simulation of Reference 7. The computer program used in the study
is given by the authors in Reference 9. t can be used with slight
modifications to calculate particle trajectories and velocities in two

or three dimensions, stationary or xotating axial or radial turbo-
machinery.
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FORCES ON SPHERICAL PARTICLES MOVING IN A GAS STREAM

The fcrces that act on solid spherical particles suspended by the
gas flow are the drag force, the force due to the pressure gradient in
the fluid surrounding the particles, the force to accelerate the apparent
mass of the particle relative to the fluid, the Magnus force, and the
Basset force that takes into account the deviation in the flow pattern
from steady state, see Reference 10. Newton's law of motion may be used
to descr.be the particle motion, where the sum of the forces acting on
the particle plus its inertia force vanishes. The force on a small
particle suspended in a turbulent flow is given in Reference 11l. Further
discussions of the problem are reported in References 12, 13 and 14. It
is assumed that the particles are splrerical in shape, so that the drag
force may be calculated using the Stokes drag coefficient, however, cor-
rection to the value of the drag forces at higher Reynulds number is
introduced. It is further assumed that the particles are small when
compared to the smallest wave length of the turbulence, henca the effect
of particle motion due to shear flow is neglected. Since in the case
of particulate flow problems in gas turbines, the particle mean diameter
is small and the density of particle material is much higher in magnitude
than the gas density, the force due to pressure gradient, the force to
accelerate the apparent mass of the particles and the Basset force may
be neglected compared to drag force (Reference 10). The drag force and
force due to pressure gradient acting on a spherical particle are dis-

cussed herein, however, the equations of motion for the particles are
solved taking only the drag for.e into account.

Drag Forcq

An analytical solution of the governing equations of motion for a
gas flow around a spherical particle is available only for very slow
moving particles, i.e. for small Reynolds number.

To determine the drag force acting on the solid particles, consider
the motion of a spherical particle in a steady, slow moving, incompressible
gas flow. If the inertia forces can be neglected compared to the viscous
forces, and for no body forces, the Navier-Stokes equations become;

2

grad p = Mg v (Cg) (1)

The continuity equation of the gas may be written as

Div (Cg) =0 (2)

The solution of Equatiocns (1) and (2) (References 8 and 1i5) yields

the total drag force acting on the spherical particles for Reynolds number
less than 0.1 as;

D=3 a ¢
T ¥g “p g (3)

I1f the particle is moving with an absolute velocity C, in a stream
of gas moving with an absolute velocity Cg, the drag force on the spherical
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particle mey be written as;

—= T E-E 4
D=3n g dp ( g p) (4)

For higher Reynolds numbers, Equation (4) connot be considered
valid, a correction factor for this equation which is a function of
the Reynolds number was introduced (References 8 and 15).

The modified version of Equation (4) may.take the form,

D = d (¢_-¢C Re 5
3 “g p ( g p) g (Re) (5)
whe.e
Re CD
g(Re) = CD 53 = E;— (6)
o

In Equation (5) the Reynolds number dependent function g(Re) has
different forms depending on the range of the Reynolds number. It should
have a value of one for Reynolds numbers less tnhan 1.0. Its value can
be determined theoretically from the solution of the Navier-Stokes
equations for Reynolds numbers up to 4. The experimental data for drag
coefficients on a sphere has to be used to determine g(Re) for Reynolds
numbers greater than 4 and within the practical iimit of Reynolds number
for particulate gas flow in turbomachines. Equation (6) shows that the
function g(Re) can be given as a ratio between the drag coefficient at
any Reynclds number and the Stokes drag coefficient at small Reynclds
number.

The formulas for the drag coefficient for spherical particles as
defined in Equation (6) are given below for different ranges of the
Reynolds number.

c_ = 22 0 < Re < 1.0 (7)

A solution of the Navier-Stokes equations of motion of a solid
particle using a higher order term gives,

24 3
D e + 1¢ Re) 1.0 < Re < 4.0 (8)

The experimental data given by Schlichting (Reference 16) for the
drag coefficient of spherical particles are fitted (Reference 17) with a
curve of the type

y = a xb + (9)
where
2
Yi¥; © Y3
* = Y1 + Yz - ZY3
PR V- S ¥ ST 3 i, ..
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The resulting drag coefficient formula is given by

c, = 21.9416 re~0-718 | 4.3240

PR

4.0 < Re < 2000

(11)
For higher Reynolds number one may write,

CD = 0.4 Re > 2000 (12)

The Reynolds number in Equations (7),

(8), (11) and (12) is based
on the particle mean diameter and the magnitude of the particle velocity
relative to the gas or,

' d_ o _ - d o
Re=-—1:———2|(vg-vp)l-_-_L_9_

[(C, - C)| (13)
: g Yq v P
or 3
d, o W) ) ") M
Re = 29 (u - x)° + (v_-v)" + (w_ - 2) (14)
Mg g g g

figure, 1 gives the fitted drag curve as compared to the experimental
results and it shows good agreement.

Force Due to Pressure Gradient in the Flow Around the Particle

In order to evaluate the force acting on a spherical particle due
to the pressure gradient around it, consider a spherical particle of
diameter d

and center 0 in a flow field (Figure 2). The pressure at any
point on tge particle surface is p(dp/z, ¢1, ¢2) and the pressure at 0

is pg. The polar coordinates r, ¢; and ¢2 originate from the sphere's
center. The coordinate ¢; is

measured from the direction of the gradient
vector oI the pressure at the center (Vp)o. The vector € is a unit vector
from the center of the sphere

to any point p(dp/2, $1, ¢2). Also ey and
€y are the unit vectors in the direction of (Vp)o an

any normal to it that
makes an angle (¢ - ¢o) from the projection of & on the plane ¢y = =©/2.

The pressure p(dp/2, ¢y ¢2) at any point on the surface of the
sphere is given by
d

d
= 2 = 3P,
PR (g% 41s ) =pg ¥ 2 7

d
=py + 7= [(vp) - e]
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or

a
P =D, * 355 | (Wp),] cos ¢ - (15)

The total force acting on the particle, P, equals the sum of these
pressure forces on the surface of the sphere, i.e.

=/ (pe) da (16)

where dA is the increment of area of the surface of the sphere whose
normal is &. Using Equation (15), Equation (16) may be rewritten as

_ a3 2 7 _
P=—2 |(vp),] (f) é e sin ¢; cos ¢, (d ¢;)(d ¢,) (17) H

The component of P in the él direction is P; given by
3

- a 2n T 2
B, = =& | (vp) | é g sin ¢; cos® ¢; (d ¢;)(d ¢,)
or
- T d3
The component of P in any direction 52 perpendicular to 51 is 52
and may be given by
ol 2
B, = =& | (vp) ] / cos (¢, = 8,0 (d ¢,) °
K 2
* [ sin ¢, Cos ¢, (d ¢l) = 0 (19)
o

Since P2 vanishes for any arbitrary direction ez, the force P is
then in the direction of €;, i.e., the direction of the vector (Vp), and

is given by i
- - _
P=ys(pe) aa=—% (vp),
e
= = (VP)O
p

7
LS. OGP S S il b,




ik

oha

where m, and (mp/Ep) are the mass and volume of one particle, respectively.
Uzing Euler's equation of motion for the gas, the force P, acting on
the particle due to the pressure gradient may be written as

. m Py = -
B= (2w, =m, (-5 @€ vy C (21)
g g
°p °p

EQUATIONS OF MOTION OF SOLID PARTICLES ENTRAINED
BY THE GAS FLOW IN A ROTATING CASCADE

The turbine may be divided into separate successive rows, for
example, stator, rotor, stator, etc. The particles are assumed to enter
the first row with their initial conditions referred to a system of axes
associated with the first row. The conditions of the particles at the
outlet of the first row may be transformed to another set of axes as-
sociated with the second row of blades, stationary or rotating, and
these will be considered initial conditions for the second cascade row and
so on, until the particles leave the turbine with the conditions at the
exit of the last cascade rcw. In order to derive the equations of motion
of the particles suspended by the gas flow, their motion through a ro-
tating cascade row is considered, with the case of particle motion in a
stator blade row, following as a special case. It is convenient to de-
fine systems of axes associated with each cascade row to simplify the
computer programming problems, as well as yielding a simpler set of
equations of motion for particles in the rotor blades.

For convenience, the fcllowing axes svstems are defined. B is_a
frame fixed in an arbitrary blade of the rotating cascade with ny, n2
and n3 as a set of nonparallel, noncoplaner, right-handed unit vectors
in the direction of the ccoxrdinate curves x, 68 and 2z, respectively, as
shown in Figure 3 and 4. The point Bg is the origin of the frame B,
which is taken at the intersection of the plane tangent to the blade row
at the entrance and the blade axial chord in the mid-stream surface of
revolution of radius R that passes through the middle of the blade
height. The coordinate curves x, 6 and z are in the axial or meridional
direction, the tangential, and the radial directions, respectively.
Further, it is assumed that the frame B, fixed in the blade row, moves
with a constant angular velocity w, equal to the angular speed of the
rotor, in a reference frame E fixed in the engine. The mutually
perpendicular set of axes X, Y and 2, are fixed in the engine at a
point E5. Point Eg is the intersection of the engine axis with the
plane tangent to the blade row at the entrance. The ccordinate axis
X is in the axial direction, while ¥ and 2 are axes normal to the X axis
in the plane tangent to the blade row at the entrance, as shown in
Figures 3 and 4.

Consider the motion of a solid particle entrained by the gas flow
past a rotating cascade. Referring to Figure 5, the coordinate curves
%, 8 and z, that rotate with an angular velocity v, after a time t, are
at an angle equal to wt from the Z axis. The particle p is at any

aa




L arpit~ary position x, 6 and z measured from B,.

’ According to Newton's law of motion the forces acting on the
particle, taken to be the drag for-e, equals the mass of the particle
multiplied by its acceleration in an inertial reference frame. The

equations of moticn of the particle p with respect to the axes X, Y
and 2 of the fixed reference frame E are

B rmde w

mX_ =D

PP X :
mY =D
1 PP Y
| .
r ' mpzp = D, (22)

{ where mp is the mass of one particle given by

3 -
P

_ 1
[ m—gﬂdpp (23)

X p

I and xp, Yp and ZP are the second derivatives with respect to time of
the components of the position vector of p in E.

From Equation (5) the compcnents of the drag force in the reference
frame E, as given in Equation (22) are written as

Dy = 3w ug 4y g(Re) (X, - X))

| Dy = 3 ug d, g(Re) (¥ - ¥)

DZ =37 ug dp d(Re) (Zg - Zp) (24)

In Equation (24) Xg, Yg and zg are the gas velocity components at

P in E, while xp, Yp and ﬁp are the velocity compcnents of a particle at
p in E,

Substituting Eguationrs (23} and (24) into Equation (22) we get

# X, = Gk, - ) (25)

rnuu«m

Yp = G(Yg - yp) (26)

FARBARLLY

p g (27}

A S B e » AR BRLL R s b i Di e e

fwwmm

" 1 P o
' InebMaintis oo g0

-
"

™Y reny -
b o Pttt e o e




—

where
1o ¢ )
G = -5—2— g(Re) (28)
61
p °p
The coefficient G is a measure of the particle characteristic time
which indicates the relaxation time of the particles relative to the
gas flow.
From Figure 5, the relation between the components of the position

vector and
from Eq and

its first and second derivatives with respect to time measured
the components of the position vector and its time deriva-

tives measured from Bp of the particle p, is given by

X =

=
I

e
1]

| Y =

-+

N: N N
i L] 1

! The ve
to Ep, neyl
to the gas
as,

L
1

e
]

wherxe ug an
rotating bl

| Substi

x X =% X = x (29)

(R + 2) sin (8 + wt)
2z sin (6 + wt) + (R + 2)(8 + w) cos (8 + wt)
; sin (6 + wt) + 2z (6 + w) cos (0 + wt)

(R+2) [-(8 + w2 sin (6 + wt) + 6 cos (0 + wt)] (30)

(R + 2z) cos (8 + wt)

z cos (8 + wt) - (R+ 2)(8 + ») sin(e + wt)

z cos (8 + ut) - 2% (6 + w) sin (8 + wt)

(R + 2) [(8 + w}2 cos (6 + wt) + ® sin (6 + wt)] (31)
locity components of the gas at any point p with reference

ecting the gas velocity in the radial direction compared
velocity in the axial and tangential directioas, are written

u
g
[vg + (R + z)w] cos (8 + wt)
[vg + (R + 2z)w] sin (8 + wt) (32)
d v, are the components of gas velocity relative to the

adeg in the axial and tangential directions, respectively.

tuting Equations (29), (30), (31) and (32) in Equations (25),

10
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(26) and (27), find

X=3 (ug - X) (33)

; sin (6 + wt) + 22 (6 + w) cos (6 + wt)
- (R+ 2)[(d + 0?2 sin (8 + ut)
+0 cos (0 + wt)] = G{Ivy + (R + z)u] cos (o + ut)

- 2z sin (9 + wt) - (R+ 2)(6 + w) cos (8 + wt)} {34)

z cos (8 + wt) - 22 (9 + w) sin (8 + wt) -~ (R + 2)
[(8 + w)? cos (8 + wt) + 6 sin (8 + wt)]
= G{lvg + (R + z)ul sin (8 + ut) - z cos (6 + wt)
+ (R+ 2) (8 + w) sin (6 + wt)} (35)
Multiplyis:r Equation (34) by cos (6 + wt), Equation (35) by
sin (8 + wt), and subtracting the two resulting equations and rearrang-

ing, we get the -gquation cof motion of the varticle p in the tangential
direction as

(R + z)0 = Glvg - (R + z)8] - 22 (8 + w). (36)

Multiplying Equation (34) by sin (8 + wt), Equation (35) by
cos (6 + wt), and adding the two resulting equations and rearranging,

we get the equation of motion of the particle p in the radial direction
as

2=-G2+ (R+2) (6+w?. (37)

The distance y that a particle travels in the 8 direction on the
surface of revolution with radius (R + 2z) is given by

y = (R+ 2) 9 (38)

For convenien~e Equations (33), (36) and (37) may be rewriteen as

X=6 (ug - %) (39)
. G _ o _ zé .

= "(E'T,_—ZT [Vg (R + 2)pg] R+ 27 (6 + w) (40)
z2=-G2%+ (R+ 2) (é+w)2 (41)
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Re and C are given by Equations (14) and (28), respectively. 4

Equations (39), (40) and (41) are the governing equations of
motion of any particle p moving with the gas stream through the nozzles
of a rotating cascade. They represent the equations of motion i:a the
axial, tangential and radial directions, respectively. The coordinate
curves x, 6 and z measured in the frame of axes B and their first and
second time derivatives as well as the relative gas velocity compcnents
in the axial and tangential directions are taken at the pairticular point
under consideration. It Is noted that the second term in the right hand
side of Equation (40) represents Coriolis acceleration, while the second
term in the right hand side of Equation (41) represents the centrifugal
accelerations of a particle moving in curved path in the rotating frame
B. (References 18 and 19). These eguations form a system of nonlinear
differential equations. They are solved numerically for every particle
entering the cascade in increments oi time if the initial conditions of
the particle are known. The time increment may have a constant value
as long as it does not take the particle beycnd the wall, thus, at the
regular increment nearest the wall, the time increment has to be iterated
to the exact value that is necessary for the particle to just hit the
wall., Solution of the general system of equations of the type of Equa-
tions (39), (40) and (41) and a discussion of the error are given in
Reference 9. The solution of the particlie equations of motion gives
the relative and absolute locations as well as the velocity components
of a particle in the rotating cascade row. 8uccessive solution of these
equations foxr every cascade row will give the particles path throughout
the turbine. The solution of these eguations requires the knowledge of
the coefficient G, the collision and rebound mechanism of the particles
and the turbine walls as well as the gas properties in the channel.

EXPERIMENTAL STUDY OF THE IMPACT AND REBOUND
PHENOMENON OF SOLID PARTICLES FROM THE WALLS

When a solid particle moves in a stream of gas, it does not in general
follow the streamlines taken by the gas due to its higher inertia. For
particulate gas flow passing through the nozzles of a rotating cascade,
the particles tend to collide with the blade surfaces. They often collide
with the turbine casing due to the effect of the centrifugal force act-
ing on the particle. After hitting the walls, the particles experience
a loss in their momentum relative to the wall and change the direction
of their motion. They may hit the blades one or more times before
leaving the cascade. These repeated collisions of several particles
causes severe erosion damage to the blades. The analytical study of
the impact phenomenon of particles with a rotating blade in three
dimensions is a very difficult task. The value of the particle velccity
and direction of its motion as it rebounds from the surface after
collision must be known in order that the solution of the particle
equations of motion be continued beyond the points of collision. In
order to investigate the collision phenomenon, an experin - tal study
was made, where the particles were photographed and their behavior
during this process is studied. The experimental facilities of Reference
15 were used and extensive results for steel blades and corn cups particles
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have been collected and analysed so as to determine the behavior of solid s
particles before and after the collis’on with the walls. The result of

this study is given in details in References 8 and 15 and may be summarized
as follows.

The change in particle momentum d.e to ccllisions was found to
be mainly a function of the particle incidence angle Bj. In Figure 6,
the ratio of the particle velocity tangent to the surface after and
before collision (V_ /V ) is plotted versus B8,, and may be considered
Pra' Ppy 1
constant for all particle diameters. The dotted line in Figure 6

represents the straight line fitting the experimental data expressed
by the equation,

v. /V_ =0.95+ 0.00055 g (42)
Pr2 ' Py 1

The change in the ratio betwe. . particle velocity components normal
to the surface of the blade after and before collision (Vp /Vp ), as a
n2 nl
function of B3, is given in Figure 7 foxr different particle diameters.
The dotted curve in Figure 7 represents the curve fitting of the data
points on the figure expressed by the following relation

\'

Pna 2
7 = 1.0 - 0.002108 Bl + 0.0001417 Bl (43)

P

n.

The restitution ratio (VP /Vn ) is defined as the ratio between
2 *1
the particle velocities after and before collision. Ancther important
factor is the rebound to incidence angle ratio (83/81), defined as the
ratio of the angle between the direction of the incidence particle
velocity and the tangent to the surface at the point of impart and the
angle between the direction of the rebound particle velocity and the
tangent to the surface at the same point.

Figure 8 gives By/B; as a function of By. The dotted curve is
obtained by substituting Equations (42' and (43) into the following
relation.

v

8 -1 P p.

2 - %— cot™ ™ [(g t2 ¥ aly | ot 8] (44)
1 1 ptl pn2

In Figure 9, the restitution ratio is presented versus 8j. Equa-
tions (42) and (43) together with the following equation are used to
plot the dotted curve in the figure.

Vp vp l+ cot2 8

2 - n2 . 2 (45)
v v 1+ co+2
P pnl - 6l
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Once the particles and blade materials are known for a certain gas
turbine application, fundamental expeiiments can be conducted to render
information ebout the impact and rebound phenomenon of this particular
material combination. It may be added that in order to simplify the
analysis the formulas found to describe the impact phenomenon do not
take into account any deposits or wear that may be suffered by the blade
material due to collisions. Either Equations (42) and (43) or Equations
(44) and (45) are enough to define the particle condition just after
rebound from the surface. They give new initial conditions to ke used in
the solution of the equations of motion of the particles after collision.

GAS FLOW PROPERTIES IN A BLADE TO BLADE SURFACE
OF REVOLUTION OF A ROTATING CASCADE

The assumption that the gas flow moves in the blade to blade
surface of revolution shown in Figure 10, is applicable to axial or
radial flow cascades. The coordinate curves X, 6 and z are fixed in
the blade as described earlier, in general they are in the meridional
direction, tangential and normal to the blade to blade surface of
revolution. It is required to determine the properties of the com-
pressible gas flow, namely the gas density, pg, and the velocity
components in the meridional and tangential direction, ug and Vg in
both the rotating channels of the cascade and on the blades. A
solution to the momzatum, continuity, energy and state equations that
conveniently describe the gas flow ir a rotating cascade provide the
gas properties required in the solution of the governing equations of
motion of the particles. For small particle concentrations it can be
assumed that the gas conditions calculated from the solution of the
nonparticulate gas flow equations of motion in a rotating turbomachine

are not goning to be altered due to the presence of particles in the
flow.

For a compressible, nonviscous and steady gas flow, the momentum
and continuity equations (References 15 and 20) may be written as,

2%y 1 2%y [ sina _ 1 “h"g)]ﬂ
X2 r2 26 r h pg X X
3z
-1 __"g 3Y
2 36 29
r
°y
where
_ W 8y
Us = Th o )
w v
VvV = - —
h X
g Dg

PR A

L L B




e R e _aau

——————

-y

T

Ilhl‘

¥ is the modified version of the stream function.

The combined energy and state equation is

2
oy g2
p = [l - (TC T ) ] (48)
F p g.
in g in

The turbine cascade channel region ABCDEFGH in Figure 11 is
divided into square grids, the difference equation (Reference 9) of
Equation (46) is written at all the mesh points. A solution by the
method of over-relaxation (Reference 21) to the n resulting algebraic
equations is obtained using assumed initial values for the gas density,
say the absolute total density at inlet. The solution of these equa-
tions gives the modified stiream function at the mesh points. The
approximate relative gas v«locity cocmponents at all the mesh points
are then calculated from Ejuations (47). Equation (48) may then be
used to compute new gas densities at the mesh points. These new
densities are used toc determine a better approxi-aation for the modi-~
fied stream function and hence the relative gas velocity, which are
then used to determine new gas densities and so on, until the required
accuracy in calculating the gas density is reached. The fortran
program Reference 22 is modified sliightly to give the relative gas
velocity components and densities at the mesh points, by solving
L,uations (46) and (48) then store the data for a cascade row on
magnetic tape, to be used as data in the solution of the particle
equations of motion. Other methods tc determine the gas properties
in the cascade by placing singularities on the contour of the airfoil
(Reference 23), or by distributing the singularities on the camber
and chord lines (Reference 24) may be used. The gas flow in these
cases 1is considered inccmpressible and correction for the compres-
sibility effect has to be introduced (Reference 25). Another method
(Reference 26) gives the compressible gas flow properties for a sub-
sonic cascade flow by the method of distributing vorticities along the
blade contour. The advantage of using a square grid is that it may
be used as a means to specify the particle location in the channel.
The decision on which method to use to determine the gas properties

should be a compromise between accuracy, range of application and
computer time.

NUMERICAL EXAMPLE

The dynamic characteristics of particles entrained by a gas
through a turbine stage consisting of a stator followed by a rotor
is considered herein. The effect of different particle and gas flow
paralieters on the particle characteristics are investigated. The
parsueters considered are the particles mean diameter, their material
den:iity and their initial nondimensional absolute velocity, as well as
the gas velocity at the inlet. The particle trajectories and velocities
e calculated from Equations (38), (40) and (41). The drag coefficient
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is calculated using Equations (7), (8), (il1) and (12), the impact and

rebound characteristics from Equations (44) and (45), and the gas '
properties in the cascade are obtained by solving Equations {46) and

(48) . The computer program described in Reference 9 is used on the

IBM 360 cemputer, and the output punched on cards. These cards are

fed as an input to the Calcomp plotter which is pregrammed through the !
IBM 1130 computer to plot the trajectories-and wvelocities of the '
particles.

Particles Dynamic Behavior in tne Turbine Stage

¥ ] .
The dimensions of che stator and rotor of the turbine stage are
given in Figure 12, while the airfoil dimens'ions are given in Reference 27.
Figure 13 illustrates the combined gas velocity diagram for the 53.42% C
degree of reaction turbine stage. The mesh structure used for the
calculation cf the gas properties and themarticle trajectcries is shown
in Figure 14. The particles '‘are assumed to enter the' turbine stator
with unifeorm velocity. The particle concentration ¢ does not appear
in the equations of motion of the particles, hence it does not in~
fluence the behavior of any individual particle for practically small
concentrations. Associated with certain «, and suspensior. flow rate
are specific spacings between particles, which determine the place and
the frequency of collisions and conseciently affects the rate of biade
erosion at the different points on its surface. Since the blade . '
rotational speed is muck higher than .the particle velocity: at the
entrance to the turbine rotor, the position of the rotor blades may
be taken arbitrarily (Figure 12). The dynamic behavior of a group
of five particles of mean diameter dp = 200 microns, entering the
stator blade unifoimly .is shown in Figures 15, 16, 17 and 18. 1In
particular, the projection of the absolute and relative trajectories
in the stream surface of revolution and the radial displacement and :
the nondimensional absolute particle velocity distribution through
the stage is illustrated in these figures. Similar figures for eleven
partlcles unlfornly entev1ng the stator cascade with mean diameters 40
microns and 38 microns are given in Figures i% to 22 and 23 to 77, rce-
spectively. In the case. of the particles of d, = 200 microns, the
results are only plotted for every other particle in order to facilitate
interpretation of_the figures. In Flgures 15 througn 26, the particle
material density Pp is 68.7 lb/ft“ and ‘the initial particle absolute
velocity ratio, nondimensionalized with Ic;pth to gas inlet velocity,
Cp /< equals 0.3. The gas conditions at the turbine stator inlet
i i . !
are: gas initial velocity Cg = 142.64 ft/sec, initial gas density
1 .
p = 0.076 lb/ft3, ipitial gas total temperature T = 60°F, and the 3
9in 9in ’ : T
total mass flow rate per chanrel W = 0.123 1lb/sec.; and the particles
enter at the stream surface of revoiution of radius 7.05 inches The
diameter of the turbine is takan relatively small so that the centrifugal
effects cn the particles are pronounced and in order to give a more
general particle path. The cascade desxgn angulax speed at the mid-
radius R is taken to be wg = 603.5 radldnb per second,'which ig equivalent
to a mid-radius blade velocity of 352.5 fi/sec. From Figures. 15 through
2€ it can be okserved that as the paztlcle mean diameter decreases, the
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particles experience less deviation from the gas streamlines in the
stator. They tend to enter the opposite rotor blade channel and
experience less scattering in the rotating nczzles (Figures 16, 20

and 24). Particles with higher mean diameters hit the blunt leading
edge of the rotorx blade and return to the stator, collide with the
stator suction surface and return to the rotcr. They may repeat the
same process more than one time, causing erosion of the suction side
of the stator blades ({particles number 2, 4, 6 and 8 in Figure 15).
The particles enter the rotor when they pick up enough speed to take
them through the rotor nozzles. The band that coantains the particles
as they leave the stator narrows ag the particle mean diameter de-
creases (compare Figures 15 and 23 for dp = 200 and 8 microns, respec-
tively). 'As the particles mean diameter decrease, they attain higherx
velozities in the stator and the change in their absolute velocities
as they enter the rotor decrease (Figures 18, 22 and 26). Particles
with smaller mean diameters have smoother absolute and relative paths
and velocity distributions, as can be seen from Figures 15 through 26.
The velccity distributions of particles with smaller dp, however, are

‘more affected by the gas conditions, particularly near the stagnation

points (Figure 2¢ for particles with dp = € microns). Particles tend
to move with a higher radial velocity after hitting the rotor blades.
The higher the vajue of d,, the higher will be the radial velocities
of the particles aftexr collision (Figures 17 and 25). The particles
travel toward the blade tip as they pass through the stage. Those
particles of dp = 200 microns hit the turbine casing before leaving the
turbine stage (Figure 17). Particles with d, = 8 microns, however,
travel through the stage without hitting the casing (Figure 25). The
vertical lines in the relative trajectories of Figure 16 indicate the
distances travel=d by the rotor blades during the time taken by the
particles to re-enier the stator, hit the stator blade suction side
and reach the stator exit. These distances differ with the particle

initial positicen and veloc:ty as it returns to the stator. The loops

in the curves of the particles velocity in Figure 18 are associated

with the pastticles that return to the stator. These loops result from

the particles momertum gain due to their collision with the rotor blades,
followed by a momentum loss resulting from their impacts with the stator.
Particles with d, greater than 200 microns; tend to move back and forth

many times from Yotor to the stator and vice versa, until they either

break into smaller particles, or reach the proper speed and direction

to go througn the rotor. It is also observed from Figures 15 and 16

for particles with dp = 250 microns and Figures 23 and 24 for particles

with dy = 9 microns ghat, particles with smaller mean diameters experience

fewer collisions with the stator and the rotor, particularly on the

suction sides of the blades. ™article collisions with the blades due

to their lateral mction are affucted by the cascade geometry, namely,

the pitch and blade camber. Other factors that influence these collisions ‘
are the mechanisms of impact and rebound, the cascade rotaticnal speed, ~
and gas and particle prcperties. The parts of the stator blade sub-

jected to more impacts, and hence, higher rates of evrosion, are the

leading =dge and pressure side. The stator blade suction side is

subjected to impacts only from ocarticles of higher mean diameters that

return to the stator efter hitl{ing the rotor blade leading edge (Figure ;

:15). In the xotor blades, the particles hit the blades with higher =

relacive velocities, nence, the rate of erosion is expected to be higher
than that for the stator blades. The xrotor blade leading edge is eroded
by particles of all sizes, while the pressure side is subjected to
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collisions only from particles with higher mean diameters (Figures 16,
20 and 24). As the particles reach the casing, they impact and rebound
in an occilating manner with decreasing amplitude. Finally, they

move into the stream surface of revolution that passes through the
blades tips and cause severe damage to blade tips in the later stages.
The previous conclusions concerning the blade arzas subjected to erosion
are in agreement with the obserwvations of actual eroded turbine blades.

In order to study the effects of different particulate flow para-
meters on the dynamic behavior of the particles, the particles are
divided into three typical trajectory groups according to their locat.on
at the time they enter the stator. Figures 15, 19 and 23 or Figures 27,
32 and 37 illustrate typical examples of the three trajectory groups.

In particular, particles such as number 2 start by hitting the upper

part of the stator blade leading edge, particle number 6 moves straight
in the stator channel and hits its pressure side, while particle number
10 starts by hitting the lower part of the turbine stator leading edge.

The dynamic behavior of particles having mean diameters of 200, 40
and 8 microns, the same material density and initial velocities, is
investigated. The results are shown in Figures 27 to 41. The effect
of particle mean diameter on it dynamic behavior is discussed above.
Additional figures,showing the combined veloc1ty diagrams of the par-
ticles as compared to those cf the gas, are given for all of the
typical particles (Figures 21, 36 and 31). These figures illustrate the
difference in the overzll behav1or between the gas and the particles.

In Figures 31, 36 and 41, Vp and Vp are the particle relative velocity
1 2
components in the x-6 surface at the inlet and the exit from the rotor,
respectively, while Cp and Cp represant their corresponding absolute
1 2
values. The particle radial velcocity components are written next to
the corresponding velocity diagrams.

The effect of particle material Jdensity, Ppr ON the dynami<
behavior of the solid particles is stown in Figures 42 through 53.
The dynamic behavior of the three ®vpical particles is shown in three
groups of four flgures each for op = 34 68 7 and 151 1ib/ft3 for a
constant dp = 40 microns and C /? These particle material

Py 9

densities approximately correspond to the densities of coal, sand, and
silicon, which are the materials that a practical gas turbine flow may
contain as solid suspension. It may be shown from the above figures
that a decrease in py will lessen the deviation between the particle
trajectory and the gas streamlines (Figures 42, 46 and 50), decrease
their radial displacements (Figures 44, 48 and 52), and increase their
initial acceleration (Figures 45, 49 and 53). Since partic.es with
smaller p, tend to escape collision with the rotor blades, they ex-~

perience %ewer abrupt changes in their velocity as they pass through
the rotor (Figure 53).

For particles with constant d, = 40 microns and pp = 68 7 lb/ft '
the initial nondimensional absolute particle velocity 8 is varied,
93
taking the values 0.15, 0.3 and 0.6 to determine the effect of Cp /Cg on

i i
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the particle dynamic behavior. The dynamic behaviors of the three
typical particles are plotted in Figures 54 through 65. These figures
show that the particle initial speed have a small effect on their
trajectories, especially in the stator. The parti:les are found to
reach the same absolute velocity after traveling relatively short
distances irrespective of their initially different value of Cp /Cg‘

i ‘i
(Figure 57). The effect of the initial gas velocity on the dynamic
behavior of solid particles may be determined from the figures for
different Cp /Cg , bearing in mind that for the same inlet particle

i i

velocity, higher gas inlet velocity would mean lower C_ /C_ , and vice
versa, i 93

The particle mean diameter is the parameter_that has the greatest
effect on the particles dynamic behavior, while pp and Cp /Cg have
i i
smaller effects. The same conclusion could be arrived at by looking
at the equations of motion of the particles, since d_ appears raised
to the second power. P
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CONCLUSION

The dynamic behavior of solid particles entrained by the compressible
gas flow in a stationary or rotating cascade of a turbine is determined.
Impacts of the solid particles with the blades and the casing are con-
sidered. The equations of motion of the solid particles are solved in
the three dimensional space. The drag forces on the particles arc
calculated using drag formulas that fit the drag curve of a spherical
particle over a wide range of the Reynolds numbers. The compressible
gas flow properties are computed by solving numerically the gas equations
of motion in a blade to blade surface of revolution of a rotating cas-
cade. Experimental investigation is made to study the impact and re-
bound phenomenon of the particles from the walls, to determine formulas
for the restitution ratio, and rebound to incidence angle ratio. These
formulas define the particle conditions after collision which are then
used to continue the solution of the equations of motion for the particles.
These formulas have to be determined experimentally for every particle-

target material combination cnce the turbomachine operating condition
is known.

The study showed that in general, solid particle paths are deviated
from gas streamlines. This deviation increases with increased particle
mean diameter, material density, particie initial velocity or decreased
gas initial velocity. The particle mean diameter has the greatest
effect on the dynamic behavior of the particles, while the particle
material density has a lesser effect and the particle initial velocity
has the least effect.

The turbine stator and rotcr blade leading edges and pressure sides
will be eroded by particles of all sizes. The rear part of the stator
suction side will be eroded by larger particles after their ret+.rn to
the stator due to their collision with the rotor plades. The turbine
rotor is expected to suffer more severe erosion than the stator due to
the higher velocities of the particles in the rotor.

Turbines may be designed to both minimize erosion as well as
optimizing aerodynamic characteristics using the results of this in-
vestigation. Means may be introduced to collect or deviate some of
the particles, expecially those that contribute most to erosion, from
the blades and hence, reduce erosion damage.
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FIGURE 61 PARTICLE NONDIMENSIONAL ABSOLUTE
VELOCITIES (EFFECT OF c:pi /Cgi)
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